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Abstract 

The characteristic angle (CA) method, which was introduced in a previous work, is applied to calculate the induced 
magnetization of an easy-plane spin-one ferromagnet. The harmonic approximation which is often applied in a spin-Bose 
expansion is found to be invalid and may even lead to wrong physical results when calculating the induced magnetization of 
the easy-plane spin-one ferromagnet. Then the complete Bose transformation (CBT) is used to transform the spin operator 
into a Bose operator, so that high-order terms in the Bose expansion can be taken into account based on an independent Bose 
representation. Comparison of the result calculated by the CBT and by the harmonic approximation shows that high-order 
terms in the CBT are helpful in determining a reasonable ground state and getting accurate physical results. Diagrams of 
the induced magnetization versus the external magnetic field for a simple-cubic lattice are presented for small and large 
anisotropy, respectively. 

PACS: 75.30.Cr; 75.30.G~ 

1. Introduction 

Single-ion anisotropy (D( Sf )*> is often occurs 
in magnetic systems with spin greater than one half 

[ I], and many methods have been developed to 

consider the thermodynamic properties of such mag- 

netic systems [ l-31. For instance, in order to study 
the long-wavelength spin-wave excitation in random 

anisotropic magnetism (RAM), i.e. for a Heisen- 
berg ferromagnet with randomly directed single-ion 
anisotropy [ 21, a method of introducing local coor- 

dinate systems (LC method) was applied to deter- 
mine the spin configuration in the ground state by 
the variation method, then the spin-wave excitation 
was studied based on such a ground state using a 

Holstein-Primakoff (HP) transformation. However, 
this method was found to work well only when the 
single-ion anisotropy is the “easy-axis” case (i.e. 

D < 0). When the anisotropy is the “easy-plane” 

case (i.e. D > O), this method was much worse [ 41. 

In fact, for an easy-plane ferromagnet, which is a 
special kind of RAM with@& anisotropic direction, 
if the LC method is applied to study the ground state 
properties of such a system, an imaginary or negative 

spin-wave excitation energy for the “k = 0” mode 
will always be encountered, no matter how weak the 

anisotropy parameter (D) is. It is also useless to ap- 
ply a HP transformation [ 51 naively to an easy-plane 
ferromagnet for the same reason. To overcome this 
difficulty, the matching of metrics elements method 
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(MME method) [ 31 was introduced for the easy- 
plane magnetic systems. Several authors have used 

this method to discuss various kinds of magnetic 

properties of such systems [3,6-91. Recently, some 

numerical results of magnetization for an easy-plane 
spin-one ferromagnet have been worked out [ lo,11 1. 

In Ref. [ 11, a new method, the characteristic an- 

gle (CA) method, was developed successfully for an 

easy-plane spin-one ferromagnet. In that paper, we 

took a harmonic approximation of the HP transfor- 
mation to calculate the quantum properties of such a 

system in the case of a zero external magnetic field. 
Comparison with the MME method and the numeri- 

cal result showed that the magnon dispersion relation 
for the CA method was the same as that for the MME 

method, and the spontaneous magnetization for the CA 

method was quite close to the numerical result [ 41, 
although that for the MME method not, especially for 

a large anisotropy parameter. 
On the other hand, among various kinds of spin- 

Bose transformations, such as the HP transformation 

[5], Dyson-Maleev (DM) transformation [ 12,131 
etc., the complete Bose transformation (CBT) [ 141 
is one which can present high-order terms more pre- 

cisely, because the constraint that the number of ex- 

cited bosons should not exceed 2S has been consid- 

ered in such a spin-Bose expansion through the use of 

the step operator technique [ 141. Usually, a harmonic 
approximation is believed to be enough in the spin- 

Bose expansion when calculating the spin wave exci- 

tation in magnetic systems, but sometimes high-order 

contributions in the Bose expansion may become im- 

portant, especially when the off-diagonal interactions 
are large. For example, it was shown in Ref. [ 151 

that the ground state energy of a two-dimensional an- 
tiferromagnet on a square lattice became closer to the 
numerical result after considering high-order contri- 

butions by the CBT [ 151. So, it may be interesting to 
discuss whether the high-order terms in the spin-Bose 
expansion are necessary or not in the magnetic sys- 
tems, and how we can obtain a more precise result by 
considering the high-order contribution. 

The main purpose of the present work is to calculate 

the induced magnetization of the easy-plane spin-one 
ferromagnet with the help of the CA method and to 
discuss what the improvements are to such a magnetic 
system brought by the high-order contributions in the 
spin-Bose expansion. 

2. Calculation procedure 

The Hamiltonian of an easy-plane spin-one ferro- 

magnet is given as 

H=-JCSi.sj+DC(s~,‘-hCS,‘, (1) 

(i.j) i i 

where (i, j) means summation restricted to nearest- 
neighbor pairs. The spins are forced into the YZ plane 

by the anisotropy term (D > 0), which means that the 
spontaneous magnetized direction must be in the Yz 

plane. To discuss the induced magnetization of such 

a system, an external magnetic field has been applied 
along the Z axis ( -k Ci S: ). 

The LC method [2] cannot provide a reasonable 

representation for such systems. Following Ref. [ 21, 
a local coordinates (LC) system (zi, ji, t) can be in- 
troduced in which the spin components in the original 

coordinate system are related to those in the LC sys- 
tem as follows, 

Sf = cos(B)ST + sin(B)ST, (2) 

$ = Sj?, (3) 

Sf = cos(B)Sy - sin(e)SF. (4) 

We apply the transformation (3)-( 5) to Hamiltonian 
( 1) , and then a HP transformation. Hamiltonian ( 1) 

will then be 

H = UrJ + H”’ + zY@’ + . . . . (5) 

B can be obtained by minimizing the ground state en- 

ergy, which is now substituted by Va in the first-order 

approximation, 

This yields 

D sin( 6) cos( 0) + h sin( 0) = 0. (7) 

Substitute the nontrivial solution of the above equation 
back into Eq. (6) and diagonalize the harmonic part 
of the corresponding Hamiltonian. We then find 

H = U. + c ~.La~ak + . . . . 
k 

(8) 

It is easy to check that the excitation energy 4,‘ will 
either be negative or imaginary for the “k = 0” mode, 
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which means that the ground state must be unstable. 
So, the LC method fails to give a reasonable represen- 
tation for an easy-plane spin-one ferromagnet. 

However, the characteristic angle (CA) method was 
found to be a good approach for such a system [ 41, 
so we will use the CA method to discuss the induced 
magnetization of the easy-plane spin-one ferromagnet 
in this paper. Following Ref. [4], the CA transforma- 
tion of the spin-one operator can be presented as 

st = cos(8)sT + sin(e)$ exp(ir$), (9) 

ST =cos(e)s,r +sin(f3)exp(-i7rsj)sT, (10) 

s; = &s&s;]_, (11) 

where (S,:, 37, 3; ) is a set of CA spin operators 
which has been proved to obey the usual spin-one 
operator commutation rules [ 41.0 is the characteristic 
angle (CA) which is actually a variational parameter 
and which will be determined later by minimizing the 
ground state energy [4]. 

According to Ref. [ 141, the complete Bose trans- 
formation of the spin-one operators is given as 

$7 = 5 (-‘)“‘f - Jz) (a+)!(a;)i+‘, (‘2) 
I=0 

$7 = c O” (-‘)‘+‘(l- Jz) (a’)‘fl(ai)l 

I! I (13) 
I=0 

3; =g (-*)‘+‘(;;,l)(l-2) ($)@)‘. (14) 
I=0 . . 

where the constraint that the excited Bosons for a given 
state should not exceed 2s has been considered auto- 
matically [ 141. 

Applying the CA spin operator transformation (2)- 
(4) and the CBT (5)-(7) into Hamiltonian (l), and 
then applying a usual Fourier transformation, we may 
obtain the transformed Hamiltonian as follows, 

H = Ho + 1 Aka$k + c &(a,+a’_k + aka-k) 
k 

f H4 + . . . , 

where 

k 

(15) 

Ho = [--JZcos*(26J) - jDsin(20) 

+ ;D - hcos(20)]N, (16) 

Ak = 2J.Z[cos2(2~) - ok] + iDsin(28) 

+ ;D + hc0s(28), (17) 

Bk=ifi[--JZsin(48)+iDcos(28)-hsin(28)] 

+ ./Z sin(28)yk. (18) 

It is not surprising that Ho and Ak, Bk are the same 
as in Ref. [4], because the CBT will yield the same 
results in a harmonic approximation with a HP trans- 
formation, which was applied in Ref. [4]. But, they 
are different in the fourth-order terms. 

Applying a Bogolyubov transformation 

a: = ukffk+ - V&‘-k, 

ak = D@k - vkLy:k, 

where 

(19) 

(20) 

uk = {; + ;[A;/(A: -4B:)]“*}“*, 

v, = {-; + ~[A;/(A: - 4B,2)li/*}‘/*, 

to Hamiltonian ( IS), we get 

(21) 

(22) 

H = Eo + c Ekff;ffk + . . . , 

k 

(23) 

Eo=Ho+C[-1Ak(e)+~~~], (24) 

Ek = ,/A%. (25) 

In the independent boson representation, the ground 
state 10) can be defined by 

aklo) = 0, (26) 

then the ground state energy E(e) in this representa- 
tion will be 

E(B) N (OlHlO) = Ho + (O]H2]0) + (OlH4lO) + . . . . 

(27) 

After the Bogolyubov transformation ( IO), ( 1 1 ), all 
the high-order terms will have expectation values in 
the ground state, and they all take small factors V (I, 
Pi,j and Wij, 

V = (O(a+ailO) = $ C V:, 
k 
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k 

(29) 

Pi,j = (OlU’UjlO) =(OlU~U,'lO) 

I 
=-- c *k 

exp[ik- ('j - ri)]V,2, 

Wi,j = (OlUTUTlO)= (OlUiUjlO) 

1 
=_- 

c 
*k 

exp[ik’ (r,j - ri)]ukvk. (31) 

Thus the ground state energy E( 0) can be expanded 
to series in U, r! Pij and Wij by means of the Wick the- 

orem. We will give one term as an example. Consider 
a simple-cubic lattice, then Pij = P and Wij = W. One 

term in the expression of E (IQ. ( 15)) is found to be 

(oplo) = 2 (-l)‘+‘y(r- 2) (ol(u+)‘u~~o). 
I=0 

. . 

(32) 

As we know from Wick’s theorem, 

(O~(a;)2”‘~0) = (ol(u’>2”‘lo) = mu”‘. (33) 

thus, 

21 - 2k) ! (21 - 2k) ! 
’ “‘;l _ k)!(j_ k)!22’-2kU2’-2k’ (34) 

(Ol(a; > + 21+‘u;1+‘]o) = C(C,:::‘)2(2k + I)! 
k=O 

21 - 2k) ! (21 - 2k) ! U2’_2k 

(I - k)!(Z - /?)!22’-2k . 
(35) 

So, considering Eqs. (20)-( 23)) (OI$ IO) can be ex- 

panded as 

x ($0 
21-2kvlktI + (2Z-- 2)(21+ l)! 

2!(2k)!(Z- k)!(l- k)! 

x ($) 2162kV2k 

1. 
(36) 

Table 1 
High-order terms effect to the ground state energy, where the pa- 

rameters are fixed to be D/4JZ = 0.1, h/JZ = 0.2 and sin(28) = 
-0.08 

Number of terms retained Values of the ground state energy 

I - 1.009652001785327 
2 -I .008435382795382 

3 -I .008369287676005 
4 - I .0083667 1278 1280 

5 - I .008366624276940 

6 -1.008366621438104 

7 -1.008366621351139 

8 - 1.008366621348563 

9 - I .00836662 1348488 

10 - 1.00836662 1348486 

40 -1.008366621348486 

80 - t .00836662 1348486 

Other terms in Eq. (15) can be expanded similarly. 

Determine the value of 0 by minimizing the ground 

state energy E and substitute it into the following ex- 
pression, 

M = (OlS; IO) = cos( 28) (01s; 10) 

-sin(19)cos(~)[(O~(Si+)~exp(-irr$)]O) 

+ (Olexp(i7.r$)(S,~)2]O)]. (37) 

We then can obtain the induced magnetization of this 
system. 

However, it is very difficult to derive an analytical 

expression for the infinite summations. Fortunately, 

U, Y P and W are all small factors, and higher-order 
terms in the expressions will give smaller contributions 

to the final results. So we may do the calculation with 
the help of a computer. Terms up to the order I = 80 
are kept in calculating the ground state energy and the 

induced magnetization. 

3. Discussion and comparison 

Now we will discuss the effects of the high-order 
terms for such a system. 

In Table 1, the values of the ground state energy are 
listed when different number of high-order terms are 
kept in the calculation, where the parameters are fixed 
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-0.2 0.0 

Sirt?$ 
0.4 

Fig. I. Energy E of an easy-plane spin-one ferromagnetic sim- 

ple-cubic lattice as the function of sin(28). where D/4JZ = 0.1 

and h/JZ = 0.4 based on the CBT (solid line) and the harmonic 

approximation (dotted line). M is the minimum point of the solid 

line and RI, R2 are two minimum points of the dotted line. 

to be h/JZ = 0.2, D/452 = 0.1 and sin( 20) = -0.08. 
From this table, we see that the summation will be 
convergent. The ground state energy E as a function of 
sin( 20) is drawn in Fig. 1 both in the case of the har- 
monic approximation (dotted line) and in the case of 
the CBT (solid line) for comparison. From Fig. 1 we 
find that, based on the harmonic approximation, there 
are two minimum points in the phase diagram, which 
are the triangle points RI and R2, respectively. How- 
ever, we believe that only RI is real and that R2 was 
introduced by a defect of the harmonic approximation. 
If we choose R2 to describe the ground state of such 
a system, wrong physical results may be obtained. In 
fact, after taking account of the high-order contribu- 
tions, the pseudo-minimum point R2 is canceled and 
the real minimum point RI is corrected to a more accu- 
rate one, M. So, from this discussion we see that high- 
order terms in the spin-Bose expansion should be con- 
sidered when we calculate the induced magnetization 
of an easy-plane spin-one ferromagnet, because they 
are helpful to cancel some confusing results brought 
about by the deficiency of the harmonic approxima- 
tion. Actually, when the off-diagonal terms are large, 
a harmonic approximation will usually be invalid, and 
in such a case one should consider high-order terms 
through the use of the complete Bose transformation. 

Following the procedure described in the last sec- 
tion, we have calculated the induced magnetizations 
M( h) of an easy-plane spin-one ferromagnet as func- 
tions of the external field in the D/4JZ = 0.1 case and 

1.00 

D/4JZ=O.l 

1 
J 

0.0 0.6 1.2 1 .a 2.4 

WJZ 

Fig. 2. Diagram of the induced magnetizations for an easy-plane 

spin-one ferromagnetic simple-cubic lattice as a function of the 

external field in the cases of D/4JZ = 0.1 and D/432 = 0.6, 

respectively. 

in the D/452 = 0.6 case, respectively. The results are 
shown in Fig. 2. 

In the remaining part of this section, we will make a 
clear comparison with the MME method. For the mag- 
netic systems with “easy-plane” single-ion anisotropy, 
the MME method is one which can give a reason- 
able representation, and many authors have used it to 
discuss various kinds of properties for such systems. 
However, the following discussion will show that the 
CA method is better that the MME method for an 
“easy-plane” spin-one ferromagnet. 

According to the MME method [6], the total 
Hamiltonian of an easy-plane spin-one ferromagnet 
Eq. ( 1) can be divided into two parts, 

H = HO + Hint + const, (38) 

Ha = -(2JZS+ h) Es; + D c(S;)2, (39) 
i i 

Hint=-JC[Si+S,j +(S; -S)(Sj-S)]. (40) 
(W 

The main point of the MME method is to find a rea- 
sonable “starting point” by diagonalizing the Ha part 
of the Hamiltonian first, then take account of the Hint 
part of the Hamiltonian based on this representation. 
However, for the current spin-one case, one may find 
that the MME method has been included by the CA ap- 
proach. Actually, applying the CA spin-operator trans- 
formation (9)-( 11) to the Hamiltonian Ha, we find 
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= bDsin(28)[$exp(i$) +h.c.] 

+ [ $D - (;!I+ JZ) cos(2e)]$5~: 

+ [$I + (i/l $ JZ) cos(2e)]S3i+ 

+{[iDcos(28) -(~h+JZ)sin(28)]Sif5~ 

+ h.c.}. (41) 

When the variation parameter 8 is selected to satisfy 

D cos( 20) - (2h + 452) sin( 28) = 0, (42) 

the off-diagonal terms in braces of Eq. (41 j will be 

canceled. So, all the results in the MME method can be 

recovered after setting the variation parameter 8 to be 
the solution of the above equation in the CA approach. 

Unfortunately, such a selection of the variation pa- 

rameter could not warrant the “ground state” in the 

MME method to be the most reasonable one because 
the Hint part of the Hamiltonian has been neglected. In 
other words, the MME method’ is equivalent to a spe- 

cial case in the CA approach, where only the function 

E(e) = (Ol~~l0) is minimized. However, in the cur- 

rent method, both Z-Z0 and Hint have been considered to 

choose the most reasonable representation of an easy- 
plane spin-one ferromagnet in an external field. SO, 

the CA method should give a more reasonable repre- 
sentation for the easy-plane spin-one ferromagnet than 

the MME method. 

4. Conclusions 

To summarize, in this paper the CA method has 
been applied to calculate the induced magnetization 
of an easy-plane spin-one ferromagnet with respect 

to the external magnetic field. Based on an indepen- 
dent boson representation, high-order terms have been 

taken into account as much as necessary by means of 

the CBT. Numerical calculations are carried out for a 
simple-cubic lattice, and the diagrams of the induced 

magnetization versus magnetic field h in the cases of 

small and large anisotropy are given. Comparison of 
the results based on the CBT and those based on the 
harmonic approximation shows that the harmonic ap- 
proximation is poor in such a case since this approx- 

imation may even introduce wrong physical results, 
high-order contributions in the CBT are necessary. We 

also compared the CA method with the old methods 
for an easy-plane spin-one ferromagnet. 
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